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Abstract

A simple method is proposed for testing equivalence in a restricted domain of two given term
rewriting systems. By using the Church-Rosser property and the reachability of term rewriting
systems, the method allows us to prove equivalence of these systems without the explicit use of
induction; this proof usually requires some kind of induction. The method proposed is a general
extension of inductionless induction methods developed by Musser, Goguen, Huet and Hullot,
and allows us to extend snductionless induction concepts to not only term rewriting systems with
the termination property, but also various reduction systems: term rewriting systems without the
termination property, string rewriting systems, graph rewriting systems, combinatory reduction
systems, and resolution systems. This method is applied to test equivalence of term rewriting
systems, to prove the inductive theorems, and to derive a new term rewriting system from a given
system by using equivalence transformation rules.

1. Introduction

We consider how to prove equivalence in a restricted domain of two term rewriting systems
[5][6] without induction. Equivalence in a restricted domain means that the equational relation
{or the transitive reflexive closure} generated by the reduction relation of one system is equal in
the restricted domain to that of another system.

We first explain the concept of equivalence in a restricted domain through simple examples.
Consider the term rewriting system R; computing the addition on the set N of natural numbers
represented by 0, s{0), s(s(0)),...;

R1:$+0l>$,
z+ s(y)>s(z+y).

By adding the associative law to Ri, we can obtain another system R, computing the same
function;

Ry:z+0b>zx,
z+s(y) > s(z + ),
z+ (y+ 2o {z+y)+2

Then, R; can reduce (M + N)+ P and M + (N + P) to the same normal form for any terms
M, N, P, but R; cannot reduce them unless M, N, P can be reduced to natural numbers. Thus,
equivalence of Ry and Rs must be regarded as equivalence in the domain in which terms can be
reduced into natural numbers.

We show another example concerning equivalence of recursive programs. Assuming rules for
primitive functions, we define the factorial function f(n) = n! by using the term rewriting systems
R; and Ry;
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R, f(z) »if equal(z,0) then s(0) else z x f(z — s(0)),

Ry : f(0) > 5(0),
f(s(z)) > s(z) * f(=).

Since the rewriting rule of Ry can be infinitely applied to the function symbol f, R; has an
infinite reduction sequence starting with the term f{M) for any term M. On the other hand, R,
cannot reduce f(M) unless M can be reduced to a natural number. Thus, B; and R, generally
produce different reduction sequences, although they can reduce the term f(M) to the same result
if M can be reduced to a natural number. Therefore, equivalence for the recursive programs may
be regarded as equivalence in the restricted domain of term rewriting systems.

Thus, the concept of equivalence in a restricted domain of term rewriting systems frequently
appears in computer science: automated theorem proving, semantics of functional programs,
program transformation, verification of programs, and specification of abstract data types. How-
ever, this equivalence cannot, in general, be proved by mere equational reasoning: some kind of
induction on the domain is necessary.

In this paper, we present a new very simple method for proving equivalence in a restricted
domain of two term rewriting systems without explicit induction. Our approach to this problem
was inspired by inductionless induction methods developed by Musser [13], Goguen [4], Huet and
Hullot [7]. However, our method is more general than their inductionless induction methods, and
allows us to extend inductionless induction concepts to not only term rewriting systems with the
termination property [4){7][13], but also various reduction systems: term rewriting systems with-
out the termination property [5)[6], string rewriting systems (Thue systems) [2], graph rewriting
systems |17}, combinatory reduction systems [10], and resolution systems [8][16], etc.

The key idea of our method is that equivalence in a restricted domain can be easily proved
by using the Church-Rosser property and the reachability of reduction systems. We first explain
this idea in an abstract framework. Simple sufficient conditions for equivalence in a restricted
domain of two given abstract reduction systems are shown. Our results are carefully partitioned
between abstract properties depending solely on the reduction relation and properties depending
on the term structure. We show how one can formally validate equivalence for term rewriting
systems by using these abstract results, and how inductionless induciion methods by [4][7][13]
can be naturally extended to our method. Finally, we propose an equivalence transformation
technique for term rewriting systems.

2. Reduction Systems

We explain notions of reduction systems and give definitions for the following sections. These
reduction systems have only an abstract structure, thus they are called abstract reduction systems
/5]{10].

A reduction system is a structure B = (A, —} consisting of some object set A and some
binary relation — on A {i.e., ~C A x A4), called a reduction relation. A reduction (starting with
zg) in R is a finite or infinite sequence zo — ;3 — z3 — .... The identity of elements of A (or
syntactical equality) is denoted by =. 2 is the transitive reflexive closure of — and = is the
equivalence relation generated by - (i.e., the transitive reflexive symmetric closure of —). If
z € A is minimal with respect to —, i.e., =3y € A[z — y], then we say that z is a normal form;
let NF be the set of normal forms. If -5y and y € NF then we say z has a normal form y and
y is a normal form of z.

Definition. R = (4, —) is strongly normalizing (denoted by SN(R)}), or R has the termi-
nation property, iff every reduction in R terminates, i.e., there is no infinite sequence zg — z; —
zz =+ .... R is weakly normalizing (denoted by W N(R)) iff any = € A has a normal form.

Definition. R = (4,~+) has the Church-Rosser property (denoted by CR(R)) iff Vz,y,z €
AlzSynzSz=>Iwe A, ySwAzDu)
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The following proposition is well known {1]{5]]10].

Proposition 2.1. Let R have the Church-Rosser property, then,
(1) Vz,ye Alz=y=> 3w € Az B wAy S w),

(2) Vz,ye NFlze =y => z =y},

(3) V€ AVy € NFjz =y = z 5 y].

3. Basic Results

Let Ry = {4, -1—>) and R, = (A, -;)) be two abstract reduction systems having the same object
set A, and let 5, = and NF; (i=1,2) be the transitive reflexive closure, the equivalence relation
% 1

and the set of normal forms in R; respectively. Note that % and = are subsets of A X A; for
example, = C 7 means that Vz,y € A{x——lzy >z= yl.

Definition. Let A’ and A" be any nonempty subsets of the object set A. Let ~ (i = 1,2} be
any two binary relations on A. Then T=7 in A’x A" iff Vz € A'Vy € A"z Ty @ T~ y] We
write this as ~ = 5 in A’ if A’ = A”. A’ is reachable to A” under ~ 1ﬁ' vz e Ay e A” {x~y]
A’ is closed under T if vz e A'Vy e A[:z:~y =>ye Al

We first show sufficient conditions for T== in 4'.

Lemma 3.1. Let Ry, R, satisfy the following conditions:
1) =c=,
2 ? == in A",
(3) A’ is reachable to A” under =

Then z== in A’

Proof. Prove Vz,y € A'[x?y <= a:?y] = is trivial from condition (1}, hence we
will show <. Assume =, where z,y € A'. By using condition (3), there are some elements
z,w € A" such that z=2 and ysw. Since z=z and ysw are obtained from condition (1) ,
z=w can be derived from z ZTTYS W From condition (2}, 2 Tw holds. Therefore z=y from
z =-1— 2 T w T y.

If R; has the Church-Rosser property, we can modify condition (2) of Lemma 3.1 as follows.

Theorem 3.1. Assume the following conditions:
1) =cs
(2) CR(Ry), =7 in A”, and A” is closed under -
(8) A’ is reachable to A” under =
Then === in A’.
Proof Show condition (2) of Lemma 3.1, i.e., Vz,y € A”[m?y <= :z?y]. = is trivial
from condition {1), hence we will prove <=. Assume z=Y, where z,y € A”. From CR(R,), the
closed property of A” under > and Proposition 2.1(1}, there exists some z € A” such that z—;» z

and y -» z. By using — = ¢ in A” and the closed property of A" under 2 -% zand y —:+ z can
be derived. Therefore z =Y. ]



121

Theorem 3.2. Assume the following conditions:
¥ =c=,
(2) CR(Rz) and A" C NFg,
(8) A’ is reachable to A” under =
Then === in A’
Proof. Show condition (2) of Lemma 3.1, i.e.,, Vz,y € A"z Ty =z yl. = is trivial. <
By using condition (2) of this theorem and Proposition 2.1(2), sy =>o=y for any =,y € A".
Therefore = = O

Corollary 3.1. Assume the conditions:
(1) T c f’
(2) CR(Rg) and NF1 = NFg,
(8) WN(Ry).
The: === is obtained.
Proof. Set A’ = A and A" = NF, = NF; in Theorem 3.2. O

. ] “ye * % .
Next, we consider sullicient conditions for - =in A x A",

Theorem 3.3. Assume the following conditions:
Wscs
(2) CR(Rz) and A" C NFz,
{3) A’ is reachable to A” under -;5:»
Then > = > in 4 x A"
Proof. Prove Vz € A'Vy € A” [:z:-I—» y <= z—;r yl. =>: Let z —:» y. Then z=y from condition
(1), Thus z—}y is obtained from condition (2} and Proposition 2.1(3). <: Let :z:-;»y. Then,

from condition (3), there exists some z € A” such that z -z, By condition (1), z=2; hence
1 2 ’

ygzcan be derived from y zz=z Thus, y = z is obtained from condition {2} and Proposition

2.1(2). Therefore z —:9 y. O

Corollary 3.2. Assume the conditions:
) =cs
(2) CR(R2) and NFy = NF,
(8) WN(Ry).
Then ‘i* =2 in AxNF.
Proof. Set A’ = A and A" = NF; = NF; in Theorem 3.3. {J
In the following sections, we will explain how to apply the above abstract results to term
rewriting systems that are reduction systems having a term set as the object set A. However,

note that the above abstract results can be applied to not only term rewriting systems, but also
various reduction systems.

4, Term Rewriting Systems

Assuming that the reader is familiar with the basic concepts concerning term rewriting sys-
tems, we briefly summarize the important notions below [5][6].
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Let F be an enumerable set of function symbols denoted by f,g,4,..., and let V be an enu-
merable set of variable symbols denoted by z,y, z,... where FNV = ¢. By T(F,V) (abbreviated
by T) we denote the set of terms constructed from F and V. If V is empty, T'(F, V), denoted as
T(F), is the set of ground terms.

A substitution @ is a mapping from a term set T to T such that for term M, 0(M) is
completely determined by its values on the variable symbols occurring in M. Following common
usage, we write this as M§ instead of §(M).

Consider an extra constant [Jcalled a hole and the set T{FU{},V). Then C € T(FU{}},V)
is called a context on F. We use the notation C| | for the context containing precisely one hole,
and if N € T(F,V) then C[N]| denotes the result of placing N in the hole of C[]. N is called a
subterm of M = C[N]. Let N be a subterm occurrence of M, then, write N C M.

A rewriting rule on T is a pair {Mj, M,) of terms in T such that M; ¢ V and any variable in
M, also occurs in M;. The notation > denotes a set of rewriting rules on 7' and we write M;> M,
for (M;, M,) € >. The set > of rewriting rules on T defines a reductjon relation — on T as follows:

M — N if M = C[M8], N = C[M,6], and M, > M, for some M;,M,,C|}, and 4.

Definition. A term rewriting system R on T is a reduction system R = (T, —) such that
the reduction relation — is defined by a set b of rewriting rules on T.

RU{M > N} (resp. R — {M > N}) denotes the term rewriting system obtained by adding
the rule M > N to R (resp. by removing the rule M > N from R).

If every variable in term M occurs only once, then M is called linear. We say that R is linear
iff for any M;> M, € R, M is linear.

Let M > N and P> @ be two rules in R. We assume that we have renamed variables
appropriately, so that M and P share no variables. Assume S ¢ V is a subterm occurrence in M,
i.e., M = C|S], such that S and P are unifiable, i.e., S¢ = P8, with a minimal unifier 8 [5]{11].
Since M8 = C[S)9 = CO[PY), two reductions starting with M9, i.e., M8 — CO[Qf] = C[Q]# and
M8 -+ N6, can be obtained by using P> Q and M > N. Then we say that the pair (C[Q]0, N6)
of terms is critical in R [5][6]. We may choose M b N and P Q to be the same rule, but in this
case we shall not consider the case § = M, which gives trivial pair (N, N). If R has no critical
pair, then we say that R is nonoverlapping (5][6}{11][19].

The following sufficient conditions for the Church-Rosser property are well known [5][6][11].

Proposition 4.1. Let R be strongly normalizing, and let for any critical pair (P,Q) in R,
P and Q have the same normal form. Then R has the Church-Rosser property.

Proposition 4.2. Let R be linear and nonoverlapping. Then R has the Church-Rosser
property.

For more discussions concerning the Church-Rosser property of term rewriting systems having
overlapping or nonlinear rules, see [5][19][21].

There are several sufficient conditions for the reachability of term rewriting systems to hold.
However, we will omit all proofs of the reachability in the following examples, because they are
mostly technical. For discussions of techniques for proving the reachability, see [7][12][15][18].

5. Examples
We now illustrate how to prove equivalence in a restricted domain of two term rewriting
systems R; and R, by using Theorems 3.1, 3.2, and 3.3.

Example 5.1. Let F’ = {+,s,0} and F" = {s,0}. Consider the term rewriting systems R; and
Ry computing the addition on the set N:
Ri:z+0b>zx, Ry:z+0v 2z,
z + s(y) > s(z +y), z + s(y) > s{z +y),
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z+(y+2)p{z+y)+2
We will prove that z=7in T(F') by using Theorem 3.2. Let A’ = T(F),A" = T(F")
in Theorem 3.2. We must show conditions (1), (2), (8} of Theorem 3.2 for R; and R,. Since

>Cop, condition (1}, i.e., TCH is obvious. By using SN(R,) and Proposition 4.1, CR(R,)
is obtained. Condition (2} holds, since T(F") C NF,. T(F') is reachable to T(F") under T
Therefore, = = = in T(F').

It is also possible to prove ——:-» = —;» in T(F') x T(F") by using Theorem 3.3. (]

Example 5.2. Let F' = {+,5,0} and F” = {s,0}. Consider the term rewriting systems R; and
R, computing the addition on Z3:

Ry : s(s(s(z))) > =, Ry : s(s(s(z))) > =,
z+0p>z, z+ 0>z,
z + s{y) > s(z +y), z+ s(y) > s(z +y),
g+ (y+2)>(z+y) +2
We will prove that = = = in T(F’) by using Theorem 3.1. Let A’ = T(F'), A" = T(F").

We must show conditions (1), (2), (3) of Theorem 3.1 for R; and R;. Condition (1}, i.e., = C PY

is obvious. By using SN(R,) and Proposition 4.1, CR(R;) is obtained. Condition (2) holds,
since — = — in T(F"), and T(F") is closed under > T(F') is reachable to T(F") under =

Therefore, == in T(F).

Note that it is also possible to prove === in T(F') by letting A" = {0, 5(0), s(s(0))} and
using Theorem 3.2. [J

We next show an example in which Ry does not have the strongly normalizing property.

Example 5.3. Consider the following term rewriting systems R; and R, computing the double
function d{n) = 2% n:

R, : d(0) >0, Ry : d(z) v if(z, 0, s(s(d(z — s(0))))),
d(s(=)) > s(s(d(=))), if(0,y,2) > y,
o), 3,95

s(z) —s(y)pz—y.
The term rewriting system R, does not have the strongly normalizing property, since the
first rewriting rule in Ry can be applied infinitely to the function symbol d.
Let F' = {d,s,0} and F” = {5,0}. We will show that the function d of R; equals that of
R; in the restricted domain T(F'), that is, T3 in T'(F'). For this purpose, Theorem 3.2 is

used. Let A’ = T(F'), A” = T(F"). We must show conditions (1}, {2}, (3) of Theorem 3.2. Since
d(0) 20 and d(s(z)) fs(s(d(z))), condition (1}, i.e., TCis obtained. It is obvious that R, is
linear and nonoverlapping. Hence, by using Proposition 4.2, B2 has the Church-Rosser property.
Since some function symbol not in F’ appears in the left hand side of any rewriting rule in R,,
we can obtain that T'(F”) C NF;. Thus, condition (2) holds. T(F’) is reachable to T{F"') under
= Therefore, ===in T(F') holds.

Note that T(F’) is also reachable to T'(F’') under e Hence, by Theorem 3.3, we can prove

~;5> = -} in T(F') x T(F"} in the same way as the above proof. [J
6. Inductionless Induction

By using Theorem 3.2, an equation whose proof usually requires induction on some data
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structure can be proved without the explicit use of induction. In this section, we will explain how
to prove an equation with inductionless induction method [4][7}[9][12][13]{14][15][16].
Let R; be a term rewriting system with reachability from T(F'} to T(F") under = For

a term set T, let MTN in T denote VO[MO,NO € T = M0-—1*N0]. Now, for given terms
M,N € T'(F',V) such that any variable in N also occurs in M, consider the validity of M TN

in T{F'). Note that this validity cannot be proved by merely equational reasoning: some kind of
induction on T(F') usually becomes necessary [4]{7][13]. However, we can prove that M =Nin

T(F') by using the following theorem, without induction.

Theorem 6.1. Let R, = R U{M>N}. If R; has the Church-Rosser property and T(F") C
NFz, then M=N in T(F").

Proof. It is obvious that Ry and R, satisfy conditions (1), {2), (3) of Theorem 3.2 by letting

A’ = T(F", A" = T(F"). Thus === in T(F’). Since M > N € Ry, we can show that M-;'N

in T(F’). Therefore, M=N in T(F. O

Example 6.1. Consider R; defining the half function h(n) = n/2 and the double function
d(n) =2%n:
RI' : h(O) >0,
h{s{0)) >0,
h(s(s(z))) > s(h(z)),
4(0) » 0,
d(s(z)) > s(s(d(=)))-
Let F' = {h,d,s,0} and F” = {s,0}. T(F’) is reachable to T(F") under <+ Now, let us
prove k{d(z)) T in T(F') by using Theorem 6.1. Take Ry = R; U {h{d(z)) > z}. Then, CR(R3)
by Proposition 4.1 and T(F") C NF,. Therefore h(d(z)) =z in T(F'). O

When R, = R, U {M > N} does not satisfy the conditions in Theorem 6.1, we may find
R; instead of R, such that CR(Rg), T(F”) C NFs, and == in T(F'). If term rewriting
systems are strongly normalizing, then the effective search for R3 can be done by using the
Knuth-Bendix completion algorithm [11]. Thus, this method allows us to automatically prove
inductive theorems.

The original idea of this method was proposed by Musser {13}, and has been extended by
Goguen [4], Huet and Hullot [7], and others [9][12][14][15]. However, their inductionless induction
methods have many limitations. In particular, the requirement for the strongly normalizing
property [4]{7][13][14] (or the strongly normalizing property on equivalence classes of terms if there
are associative/commutative laws [9][12][15]) restricts its application, since most term rewriting
systems in which functions are denoted by recursive definitions, such as recursive programs, do not
satisfy this property. On the other hand, since Theorem 6.1 holds under very weak assumptions,
our method allows us to overcome these limitations.

We next show an example in which R; does not have the strongly normalizing property.

Example 6.2.
Rl : d(x) [ if(z’o;s(s(d(x - 8(0))))),
k(z) > if(z, 0, if(z — 5(0),0, s(k(z — s(s(0)))))),
if(0,y,2) > v,
if(s(z),y,2) > 2,
z-~0pz,
s(z) — s(v) > - v.

Note that the term rewriting system R; does not have the strongly normalizing property,
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since the first and the second rules in R; can be infinitely applied to the function symbols d and
h respectively:

Let F' = {d,h,if,—, 5,0} and F” = {5,0}. T(F’) is reachable to T(¥”') under =. Now, we
show that h{d(z)) T in T'(F’). Take Ry = Ry U{h(d(z))v z}. To easily show the Church-Rosser

property of the term rewriting system obtained by adding the rule h(d(z)) » =, we consider R
instead of R,:
R3: d(O) >0,
d(s(z)) > s(s(d(z))),
R{0) > 0,
h(s(0)) v O,
h(s(s(z))) > s(h(<)),
if(0,y,2) > v,
if(s{z),y,2) > 2,
z—0bx,
s{z) —s{y)pz—uy,
h(d(z)) v z.
Then, == in T(F') can be proved in the same way as for Example 5.3. It is shown from

Proposition 4.1 that Rs has the Church-Rosser property. Clearly, T(F") C NF;. Hence, R
satisfies the conditions in Theorem 6.1. Therefore, h{d(z)) <zin T(F). O

7. Equivalence Transformation Technique

In this section, we propose the equivalence transformation rules for term rewriting systems.
We show that equivalence of term rewriting systems, to which it is difficult to apply Theorem 3.2
and 3.3 directly, can be easily proved by an equivalence transformation technique.

Let Rp = (T(F,V),T)-») with b, and let F' be a subset of F. Now, we give the equivalence

transformation rules in T'(F') for Ro. Let Fp be the union of the set F’ and the set of all function
symbols appearing in the rewriting rules of Ro. Then, we transform R, = (T(F,V),—) with
n

> (n>0)to Rpyy =(T (F,V),":»I) with ni ; by using the following rules:

(D) Definition: Add a new rewriting rule g{z;,...,z;)>Q to R,, where g € F—Fy,¢(z1,..., %)
is linear, and Q € T(Fy,V). Thus, Rpy1 = R, U {g(z1,...,2k) b Q}. Set Fryy = F, U{g}.

(A) Addition: Add a new rule P> @ to R,, where Pi Q and P,Q € T(F,,V). Thus, Ryyy =
R,U{P>Q}. Set Foy; = F,.

{E) Elimination: Remove a rule P> Q from R,. Thus, Ry+1 = B, — {P>Q}. Set Fpy1 = F,.

Remarks. The above three rules are a natural extension of the program transformation
rules suggested by Burstall and Darlington [3]. Note that their program transformations can
be seen as special cases of equivalence transformations for term rewriting systems in restricted
domains. Thus, we can give formal proofs to correctness of program transformations by the
technique developed in this section [20].

R, = Ry shows that R, is transformed to R, by rule(D), (4), or (E). = denote the
transitive reflexive closure of =.

Theorem 7.1. Let Ro=> R,, where R, is a linear system and CR(R;). Let F” C F' and
T(F") C NF,. Assume that T(F’) is reachable to T(#"} under s and under = (resp. under e

and under —). Then === in T(F') (resp. —:—;* = —:? in T(F') x T(F")).
Proof. See [20]. []
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Example 7.1 (Summation). Consider the following term rewriting systems R; and R,
computing the summation function f(n) =n+...4+14+0:

R1 : f(O) >0, R2 : f(O) >0,
f(s(z)) > s(z) + f(z), f(s(z)) > g(z, s(=)),
z4+0bz, g(0,y) >y,
z -+ s(y) > s(z +y), 9(8(:),y)>g(x,y+s(x)),
z4+ 0>z,

z+s(y)vs(z +v).

Let F' = {f,+,s,0} and F” = {s,0}. By using the equivalence transformation rules, we will
show tha =3 in T(F'). To transform R to Rz, we first add the associative law for + to Rj:
take Rz = Ry U {z + (y + 2) > (z + y) + 2}. Then Rz = Ry by rule(E). From Proposition 4.1,
CR(R3). Clearly T(F") ¢ NFs. T(F') is reachable to T(F"') under = (and also under i) By
Theorem 7.1, = = = in T'(F') is obtained.

Now, let us transform R3 to R; by using the transformation rules. By using rule(D), we
introduce a new function g,

1) g(z,y) >y + f(z).
Let Ry = Ry U {(1}}, then we can prove f(s(z)) —:—g(z,s(z)), (0, v) =y, and

o(s(2),9) = v+ 16@) 5 v+ (6(2) + 1) = v+ () + 1) = ale,y+ ().
By using rule(4), we can obtain Rs = R4 U {(2),(3), (4)}:

(2) f(s(=)) > g(=,(2)),
(3) 9(0,¥) >y,
(4) g(s(2),9) > g(=, v + s(2))-
Finally, by using rule(E}, remove unnecessary rules z-+(y+2)>(z+y) +2, f(s(z))>s(z)+ f(=),
and g(z,y) >y + f(z) from Rs. Thus, we can obtain R;. T{F') is reachable to T(F") under =

Hence, === in T(F') is obtained by Theorem 7.1.

Now, we obtain an equivalence transformation sequence from Ry to Ry: R; < Rz =

R4 Ry & R,. Therefore, === in T(F').

Note that it is also possible to prove —:—s = —;» in T(F') x T(F") by this transformation
technique. [J

8. Conclusion

In this paper, we have proposed a new simple method to prove equivalence in a restricted do-
main for reduction systems without the explicit use of induction. The key idea is that equivalence
in the restricted domain can be easily tested by using the Church-Rosser property and the reach-
ability of reduction systems. We have shown that this technique can be effectively applied to test
the equality of term rewriting systems and to prove the inductive theorems without induction. We
believe firmly that our method provides us with systematic means of proving equivalence which
arises in various formal systems: automated theorem proving, program transformation, program
verification, and semantics of abstract data types.
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